Abstract. We introduce the n-th product Pythagoras number p n (D), the skew field analogue of the n-th Pythagoras number of a field. For a valued skew field (D, v) where v has the property of preserving sums of permuted products of n-th powers when passing to the residue skew field k v and where Newton's lemma holds for polynomials of the form X n −a, a ∈ 1+I v , p n (D) is bounded above by either p n (k v ) or p n (k v ) + 1. Spherical completeness of a valued skew field (D, v) implies that the Newton's lemma holds for X n −a, a ∈ 1 + I v but the lemma does not hold for arbitrary polynomials. Using the above results we deduce that p n D((G)) = p n (D) for skew fields of generalized Laurent series.
Introduction
The basic motivation for the definition of the notion of Pythagoras number was to find the minimal number t such that every sum of squares could be expressed as a sum of t squares. The theory involving the Pythagoras number of commutative fields (and later rings) developed along the theory dealing with the Waring problem and reached its peak at the end of 20th century. In 1980's Becker introduced the generalization of the basic notion of the Pythagoras number to higher powers, i.e. the n-th Pythagoras number, and proved its basic properties and relations to some other field invariants as well as relations among Pythagoras numbers of different level (see [2] for details). In the non-commutative case the natural analogue to n-th powers are permuted products of n-th powers. With the introduction of various notions, e.g. the higher product level (see [3] ), involving finite sums of permuted products of n-th powers the need arises to find the minimal number t such that every finite sum of permuted products of n-th powers could be expressed as a sum of t permuted products of n-th powers. We call such t the n-th product Pythagoras number.
The article is organised as follows: after a preliminary section we deal with the basic notion of the n-th product Pythagoras number p n (D) of a skew field D and its basic properties in Section 3. We prove the relation between the n-th product Pythagoras number and the n-th product level and we give an example to demonstrate that, in contrast to the commutative case, there is no connection between p n (D) and p 2n (D) for a general skew field D. The relation between p n (D) and p nl (D) for odd l is still an open question.
The main result is in Section 4, where some estimates for the upper bound of p n (D) are obtained. If D is equipped with a quasi Henselian valuation v which is either totally n 2 -real or its residue skew field k v is not n 2 -real then p n (D) is bounded above by p n (k v ) or p n (k v ) + 1 respectively.
Showing that spherical completeness of valued skew field (D, v) is a sufficient condition for lifting zeros of X n − a, a ∈ 1 + I v from residue skew field k v to D is the main topic of Section 5. In addition we demonstrate that, in contrary to the commutative case, spherical completeness alone is not enough for Newton's lemma to hold for arbitrary polynomials from A v [X] with a simple zero in k v .
In Section 6 we combine the results of sections 4 and 5 to prove that the n-th product Pythagoras number of generalized Laurent series skew field D((G)) equals the n-th product Pythagoras number of its skew field of coefficients, i.e. D.
Preliminaries
In this section we give all information about valuations, ultrametric spaces, generalized Laurent series rings and orderings which is needed in this paper. We restrict to the definitions and theorems which are actually used and presuppose basic knowledge of commutative valuations as well as product levels.
Valuations.
A subring B of a division ring D is a (invariant) valuation ring of D if B is invariant under all inner automorphisms of D and x ∈ B or x −1 ∈ B hold for all nonzero x ∈ D. Let (Γ v , +) be a totally ordered group and let us adjoin to it a maximal element, which will be denoted by ∞. A map v : D −→ Γ v ∪ {∞} is a valuation with value group Γ v if the following conditions hold:
The symbols A v , I v , k v , Γ v will represent its valuation ring, its maximal ideal, its residue division ring and its value group respectively (see Schilling [18] for more details).
For a ∈ A v , a := a + I v will denote its image in k v . Note that for a valuation v the ring A v is a valuation ring of D. Conversely, given a valuation ring B of D, there exists a valuation v such that B = A v .
2.2. Generalized Laurent series. Let G be a totally ordered group and let R be a skew filed. for all x, y, z ∈ G. If there can be no ambiguity we will omit the group and the skew field.
In the sequel let any 2-cocycle c : G × G → Z(R) have the property c(1, x) = c(x, 1) = 1 for all x ∈ G. For every φ : G → R we can define its support supp(φ) := G\φ −1 (0). Furthermore, let us denote the set of all φ : G → R with well ordered supp(φ) (as a subset of G) by R((G)). For arbitrary φ, ψ ∈ R((G)) we can define the addition
The set R((G)) equiped with this addition becomes an abelian group.
There are more ways how to introduce an additional operation (product) to R((G)), for example we can define the product with cocycle c:
Equipped with such product R((G)) becomes a skew field which will be denoted by R((G, c)) (for details see [12] ).
Another way of defining the product is to take a twist, i.e. a homomorphism σ : G → Aut(R), and define
where σ r denotes the automorphism σ(r). Again, R((G)) becomes a skew field which will be denoted by R((G; σ)) (for details see [4] ).
Remark . By taking either the cocycle c constantly equal to 1 or a trivial twist we get the so called (ordinary) generalized Laurent series field. The notation for generalized Lurent series field is the same as the one used for abelian group, i.e. R((G)).
Every element φ ∈ R((G)) can be written in the form
where t 0 = min(supp(φ)). In this notation we multiply two Laurent series in a standard way taking into account the commutation rule for elements from R and from G. For a, b ∈ R and t, r ∈ G the commutation rule for multiplication with the cocycle c becomes:
and for multiplication with a twist σ we have:
On abelian group R((G)), + we define a mapping v :
For the above mentioned products the mapping v is a valuation on a skew field and it is called the canonical valuation. As a valued abelian group R((G)) is equal to the Hahn product G R with the same valuation. For details see [4] , [10] and [11] . • u(y, z) = ∞ if and only if y = z, • u(y, z) ≥ min{u(y, x), u(x, z)} (ultrametric triangle law),
• u(y, z) = u(z, y).
It follows that
Remark . A skew field D with a valuation v becomes an ultrametric space by setting u(x, y) := v(x − y) for all x, y ∈ D.
Definition 3: For y ∈ Y and α ∈ G we define the closed ball around y with radius α as follows:
To facilitate the notation we will also use B(x, y) := B u(x,y) (x).
It follows from the ultrametric triangle law that B u(x,y) (x) = B u(x,y) (y). Similarly, it follows from the ultrametric triangle law that B(x, y) ⊆ B(z, t) if and only if x ∈ B(z, t) and u(x, y) ≥ u(z, t) Definition 4: A ball is the union of any non-empty collection of closed balls which contain a common element.
If B 1 and B 2 are balls with non-empty intersection, then B 1 ⊆ B 2 or B 2 ⊆ B 1 .
Definition 5: A set of balls in (Y, u) is called a nest of balls if it is totally ordered by inclusion. The intersection of the nest is defined to be the intersection of all of its balls. If it is non-empty, then it is again a ball.
The ultrametric space (Y, u) is called spherically complete if every nest of balls has a non-empty intersection.
It is well known and easy to prove that this holds if and only if every nest of closed balls has a non-empty intersection. If (Y, u) is spherically complete and B is a ball in Y , then also (B, u) is spherically complete. See e.g. [8] for more details on ultrametric spaces.
Let R((G)) be the field of generalized Laurent series over a totally ordered group G with coefficients in a formally real skew field R, with the canonical valuation v.
By [9, Lemma 2.14] we get Lemma 2.1. The abelian group (R((G)), +) of generalized Laurent series over a totally ordered group G with coefficients in a formally real skew field R is spherically complete. 
Definition 7: Let (Y, u) and (Y , u ) be non-empty ultrametric spaces and f : Y → Y a map. An element z ∈ Y is called attractor for f if for every y ∈ Y such that z = f (y), there is an element z ∈ Y which satisfies:
The map f will be called immediate if every z ∈ Y is an attractor for f .
Clearly, a pseudo-linear map with pseudo-slope s satisfies the conditions of [8, Proposition 16] regardless of the commutativity, therefore we obtain: × denote the subgroup of D × generated by n-th powers and multiplicative commutators and let
The elements of n D × are called the permuted products of n-th powers of elements of D. It is clear that every element of n D × can be written as a product of terms which are a result of applying a permutation on a certain product of n-th powers and vice versa. For example: x 2 yz 3 yx 2 yzy is a permuted product of 4-th powers.
and D × /P × is a cyclic group. If |D × /P × | = n, then we say that P is of exact level n/2 (exact exponent n). Observe that the exponent of an ordering is always an even number. If P ⊂ D is an ordering of level n, we say that D is n-ordered.
A valuation v is said to be compatible with an ordering
For a given ordering P there exists a valuation v with a valuation ring A v = A(P ) := {a ∈ D | ∃r ∈ Q >0 : r ± a ∈ P } and maximal ideal I v = I(P ) := {a ∈ D | ∀r ∈ Q >0 : r ± a ∈ P }, that is compatible with P and induces an archimedean level 1 ordering P of k v (see e.g. [13] and [14] for more details). This valuation is called the natural valuation and its value group Γ v is called the natural value group.
In order to either push orderings from D to k v or to pull orderings from k v back to D, we introduce n-real valuations (see [7] for more details).
Definition 10: v is called n-real if there exists an ordering P of k v such that A v × ∩ 2n D × ⊆ P . We also say that P is n-compatible with v.
Higher Pythagoras numbers of skew fields
In a skew field the permuted products of n-th powers take the role which is played by n-th powers in a commutative field. Therefore it is natural to define the product Pythagoras number of a skew field as an analogy to the Pythagoras number of a commutative field. In this section we will show some basic properties of the product Pythagoras number, i.e. the relation of the product Pythagoras number to the product level, which is analogous to the connection in the commutative case, and the fact that the n-th and the 2n-th product Pythagoras number are in general not related to each other, which is a sharp contrast to the commutative case.
Throughout this section let D denote a skew field and D × its group of units.
otherwise we have ps n (D) := ∞. For details about higher product levels see Cimprič [3] .
Remark . For a commutative field, the product Pythagoras number p n coincides with the n-th Pythagoras number of a field.
There exists a connection between the n-th product level and the n-th product Pythagoras number, which is identical as in the commutative case.
where G(n) denotes the Waring constant for the representation of sufficiently large numbers as sums of n-th powers of natural numbers.
Proof. In a skew field D the identity
from [6] is valid for each x ∈ D. The rest of the proof is similar as in the commutative case (see [2, Proposition 2.8]).
Remark . For odd n the product level ps n (D) = 1, so
As a sharp contrast to the commutative case, there is no immediate connection between p n (D) and p 2n (D). Such behaviour is expected because of similar properties of the n-th product level (see [3] for details).
We will use the construction of a family of skew fields D n , used in [3] :
Note that in Γ m the identity element equals (0, 0) and the inverse is (a, u) ]. It can be easily verified that c m is a 2-cocycle with the property c m ((0, 0), (a, u)) = c m ((a, u), (0, 0)) = 1.
Let K ∞ denote the subfield of R with p 2 (K ∞ ) = ∞ (see [15] ). From [2, 2.12] it follows that p 2n (K ∞ ) = ∞ for all n ∈ N.
It is clear that
) is a skew field and let us denote by v its canonical valuation. The proof of [3, Theorem 9] does not depend on the field of coefficients, therefore we obtain: It remains to show that p 2n (D) = ∞. Let n = 2 m p, where m, p ∈ Z, p odd. Since p 2n (K ∞ ) = ∞, by definition of the Pythagoras number there exists a sequence of elements d n ∈ 2n (K ∞ ) such that l K∞ 2n (d n ) =: a n is a strictly increasing sequence of natural numbers. It is enough to show that l
Each element (a, u) ∈ D can be written as (0, u) * (a, 0), so each element f ∈ D can be uniquely written in the form
])) is a generalized Laurent series over the group
]. Let f, g ∈ D with v(f ) = (i 0 , k 0 ) and v(g) = (j 0 , l 0 ). The generalized Laurent series f can be written as
This enables us to define lt(f ) = c (i 0 ,k 0 ) (i 0 , k 0 ), its lowest term, and lc(f ) = c (i 0 ,k 0 ) , its coefficient at the lowest term. The commutator f gf
× . We want to prove that t ≥ l K∞ 2n (d n ). Assume that some q i have v(q i ) < (0, 0) and let (i 0 , j 0 ) be the least of those values. Since v(d n ) = (0, 0), the sum of lt(q i ) over all q i where v(q i ) = (i 0 , j 0 ) must be equal to 0. The term lt(q i ) in a series q i is the product of the terms with the lowest valuation in its factors, therefore it is an element of 2n D × . It follows that 0 is a sum of elements of 2n D × which contradicts the property ps 2n (D) = ∞ from Proposition 3.2.
Since d n = q 1 + · · · + q t , there are some elements among the q 1 , . . . , q t with valuation (0, 0). Let us take a closer look at one of those. Let q ∈ 2n D × and v(q) = (0, 0). Then q =q 2n c, where c is a product of commutators andq ∈ D. The term lt(c) in c has the form of a finite product (i 0 ,k 0 ),
If we denoteq = a(i, k) + higher terms , the lowest term of its 2n-th power has the form
Since n is even, lt(q) = a 2n (−1)
We have v(q) = (0, 0) thus i = 0 and consequently 2nk +
Hence,
for some t ∈ Z.
Claim: (−1)
Proof of claim: Using (3.2), it is enough to see that Num
i 0 k 0 +j 0 l 0 is even. We know that the number (3.3) is divisible by 2 m+1 . Obviously each of the terms Num k 0 (1 − (n + 1)
] and j 0 ∈ Z, is even and is divisible by 2 m+1 if and only if either j 0 is even or j 0 is odd and Num(k 0 ) is even. In both cases Num(j 0 k 0 ) is even.
] be a term in (3.3) which is not divisible by 2 m+1 . Then j 0 must be odd and k 0 must have an odd numerator, therefore the numerator of j 0 k 0 is odd, too. The highest power of 2 that divides such term k 0 (1 − (n + 1) j 0 ) is 2 m , so in the sum (3.3) there is an even number of such summands. We conclude that in the sum Num i 0 ,j 0 ,l 0 ,k 0 i 0 k 0 + j 0 l 0 there is an even number of the summands with odd numerators which concludes the proof of claim.
It follows that the coefficient at the term (0, 0) in q is equal to a 2n for some a ∈ K ∞ . Thus, d n is a sum of t or less 2n-th powers in K ∞ , hence l D 2n (d n ) = a n , which proves the theorem.
The upper bound
Usually the main reason for using a valuation on a skew field D is to translate the problem on D to a problem on the residue skew field which is in most cases much "nicer" than the basic skew field D, e.g. a noncommutative skew field can have a commutative residue skew field. In order to observe sums of permuted products of n-th powers only valuations which preserve this property when we project from the valuation ring to the residue skew field will come into account.
Definition 12: A valuation v : D → Γ v ∪ {∞} is totally n-real if v is a n-real valuation with the following additional property:
Remark . If D is a field, the property of a valuation v being n-real and the property of v being totally n-real coincide with the property of v being a real valuation. If k v is a real closed field, then v is n-real if and only if v is totally n-real. Whether every n-real valuation is already a totally n-real valuation, is still an open question.
The reverse process, i.e. lifting a sum of permuted products of n-th powers back to the original skew field while maintaining the equality to the sum of permuted products of n-th powers in the original skew field before the projection to residue skew field, is far from automatic since the lifting gives us an additional summand from the valuation ideal. It is easy to check that the lifted sum will still be a sum of permuted products of n-th powers if for every a ∈ 1 + I v the equation X n − a has a root in D. 
Definition 14: Let (D, v) be a valued skew field. We say that (D, v) is n-Henselian if whenever f ∈ A v [t] is monic of degree n and satisfies f (t) = g(t)h(t), with g, h ∈ k v [t] monic and right relatively prime, then f (t) = G(t)H(t) for some monic polynomials G, H ∈ A v [t], with G(t) = g(t), and H(t) = h(t). We shall say that (D, v) is Henselian if (D, v) is n-Henselian for each n ∈ N. 
Remark . Not every quasi n-Henselian valued skew field is n-Henselian. One of the counterexamples is the valued skew field C((Z; σ)), where σ denotes the complex conjugation, in Example 1.
Theorem 4.1. Let n ∈ N be an arbitrary even number and let (D, v) be a quasi n-henselian skew field where v is totally
Proof. Take a 1 , . . . , a t ∈ n D × and let us observe the sum
The sum s can be rewritten as
× . This enables us to look at the sum 1 + a
1 a t in the residue skew field:
, which proves our assertion. Theorem 4.2. Let n ∈ N be an arbitrary even number and let (D, v) be a quasi n-henselian skew field where k v is not
Proof. Let s, a 1 , . . . , a t be as in the proof of Theorem 4.1. Since k v is not Lemma 5.1. Let n ∈ N and let f (X) := X n −a where a ∈ 1+I v . Then f induces a pseudo-linear map with pseudo-slope n from 1+n
Proof. Because 1 ∈ Z(D), the polynomial f (X) equals its Taylor expansion around 1:
Note that
It follows that the zeros of the expansion (5.1) and f (X) coincide.
Let y, z ∈ 1 + I v , then y = 1 + y and z = 1 + z where y , z ∈ I v . Using (5.1) we get
We would like to prove that S(
, thus f induces a pseudo-linear map with pseudo-slope n from 1+n Unlike to the commutative setting (see [8, Theorem 21] ) the Corollary 5.3 cannot be generalized to arbitrary polynomials from A v [X]. Namely, the next example demonstrates that spherical completeness of a valued skew field is not a sufficient condition to lift a simple zero from the residue skew field in general.
Example 1: Consider the generalized Laurent series skew field C((Z; σ)) with a twist σ where σ denotes the complex conjugation. By Lemma 2.1 the skew field C((Z; σ)) is spherically complete. Each element can be written as ∞ k=k 0 a k t k for some a k ∈ C and the commutation rule becomes ta = σ(a)t for a ∈ C. Let v denote the canonical valuation on C((Z; σ)). Consider the polynomial f (X) :
It is clear that all zeroes of f (X) have to lie in A v , but according to [1, Example 17] f (X) has no zeros in A v .
Skew fields of generalized Laurent series
In the case of generalized Laurent series the upper bound for p n from Theorem 4.1 becomes the exact value of the the n-th product Pythagoras number, i.e. by using the results from previous sections we will prove that p n R((G)) , the n-th product Pythagoras number of the skew field of generalized Laurent series over a totaly ordered group G, with coefficients in a skew field R, equals p n (R), the n-th product Pythagoras number of its skew field of coefficients.
Lemma 6.1. Let (G, ≤) be a totally ordered group and let R be a formally real skew field. For every even n ∈ N we have p n (R((G))) ≥ p n (R).
For an arbitrary f ∈ R((G)) let v(f ), lt(f ), lc(f ) denote the canonical valuation of f on R((G)), the leading term of f and the leading coefficient of f , respectively, as defined in the proof of Theorem 3.3.
Suppose that d 1 + · · · + d k = f 1 + · · · + f l for some f 1 , . . . , f l ∈ n R((G)) × . Suppose also that v(f i ) < 0 for some i and v(f i ) ≤ v(f j ) for all j = 1, . . . , l. The coefficients lc(f j ) are permuted products of n-th powers in R. Corollary 6.3. For a formally real skew field R and a totally ordered group G we have p n (R((G))) ≤ p n (R).
Combining the result of Corollary 6.3 with Lemma 6.1 gives us the connection between the product Pythagoras number of the skew field of generalized Laurent series and the skew field of their coefficients. Theorem 6.4. Let (G, ≤) be a totally ordered group and let R be a formally real skew field. For every even n ∈ N we have p n (R((G))) = p n (R).
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